Recently, by using methods of hypercomplex function theory, the authors have shown that a certain sequence S of rational numbers (Vietoris' sequence) combines seemingly disperse subjects in real, complex and hypercomplex analysis. This sequence appeared for the first time in a theorem by Vietoris (1958) with important applications in harmonic analysis (Askey/Steinig, 1974) and in the theory of stable holomorphic functions (Ruscheweyh/Salinas, 2004) . A non-standard application of Clifford algebra tools for defining Clifford-holomorphic sequences of Appell polynomials was the hypercomplex context in which a one-parametric generalization S(n), n ≥ 1, of S (corresponding to n = 2) surprisingly showed up. Without relying on hypercomplex methods this paper demonstrates how purely real methods also lead to S(n). For arbitrary n ≥ 1 the generating function is determined and for n = 2 a particular case of a recurrence relation similar to that known for Catalan numbers is proved.
Introduction
The motivation for this notes about a curious sequence S(n), n ≥ 1, of rational numbers comes from a casual observation about its significant role for n = 2 in problems far away from those that were the target of our interest some time ago. It is a sequence that can be considered on the crossroad of positivity of trigonometric sums (see [2, 3, 4, 33] ), stable behavior of some classes of holomorphic functions (see [31] ), and a set of Appell polynomials in several hypercomplex variables (see e.g. [12, 15, 16, 20, 28] ).
To be briefly, but a little bit more detailed, our main research was concerned with the application of function theoretic methods for solving partial differential equations in more than two variables by using non-commutative Clifford algebras. As such it is part of quaternionic analysis ( [23] ) or, more general, Clifford analysis ( [18, 24, 25] ) often simply named hypercomplex function theory. But naturally, analytical or, more concrete, numerical methods have to deal with the peculiarities of non-commutativity. For example, to find a, in some sense, universal set of suitable polynomials easy to handle for the approximation of solutions of PDEs (and, at least, being orthogonal) was already not a trivial task (see [6, 8, 13, 14, 26] ). This even more if one would like it without borrowing in some sense tools from real higher dimensional analysis.
Therefore we introduced ( [20, 28] ) Clifford-holomorphic sequences of Appell polynomials ( [1] ) in n hypercomplex variables in the underlying real Euclidean space R n+1 , n ≥ 1. This process resembled the way of using the algebra of complex numbers in R 2 −problems. Together with the embedding of the binary non-commutative multiplication into an n-ary symmetric product we were able to express hypercomplex (Clifford-) holomorphic polynomials by corresponding hypercomplex symmetric polynomials.
Noticing that a sequence S(n), n ≥ 1, of rational numbers depending on the parameter n (the hypercomplex dimension in which we are working in) was dominating those Appell polynomials caused our curiosity. To our surprise, we found that in the case n = 2, S(2) = S appeared already in 1958 in a theorem by Vietoris ([33] ). Obviously, we saw that therefore S(n) for arbitrary n ≥ 2 could be considered as a generalization of Vietoris' number sequence S. The case n = 1 corresponding to the complex case C ∼ = R 2 in hypercomplex function theory fits naturally in the representation of S(n) and leads to the constant sequence of coefficients in the ordinary geometric series.
Due to the fact that generalized binomial coefficients appearing in S(n) play a central role in enumerative or other branches of combinatorics, we were challenged to determine its generating function as well as a recurrence relation for the elements of the ordinary S. The latter was also motivated by the fact that Vietoris' numbers though being not integers and appearing in pairs have some similarity with the famous Catalan numbers and can be verbally described by properties of the ordinary Pascal triangle.
As mentioned in the Abstract, here we try to avoid any detail about the hypercomplex background of our discovery of S(n). Therefore the interested reader should consult [27] . Instead of this, we found a way to use exclusively real methods and at some point in this way we came close (but not identically) to a relation for the elements of S(2) in terms of Jacobi polynomials as observed in [2, 3, 4] . The extension from n = 2 to n ≥ 2 in our real approach is just realized at this point.
The paper is structured in the following way. Starting in Section 2 from some reminiscence of Vietoris' theorem from 1958 and using the generating function of S already directly obtained in [15] we arrive at the end to the compact representation of the elements of S(n) in form of a quotient of two Pochhammer symbols. This leads immediately to the determination of the corresponding generating function in Section 3. The next section includes the proof of a recurrence relation for Vietoris' numbers in a form that resembles the well known main recurrence relation for Catalan numbers. By using forward differences we show also the effect of their pairwise appearance. The paper ends with some concluding remarks.
Generalizing Vietoris' sequence
In the center of our attention lies the sequence of rational numbers 1, 
which by means of the generalized central binomial coefficient
can be written in compact form (cf. [12] ) as S = (c k ) k≥0 , where
Here, as usual, · denotes the floor function and (·) k is the raising factorial in the classical form of the Pochhammer symbol. 
We call attention to the fact that because of (3), the coefficients in the sine sum used in Askey's as well as in Vietoris' original version are exactly the elements of S in (2) or, explicitly, in (1) . Obviously, demanding in (3) that a 2k and a 2k+1 coincide, the sequence of coefficients in the cosine sum differs from (1) by the inclusion of a 0 = 1 and the shift of the indexes by one to the left, i.e. a 0 = 1 and a k+1 = c k , k ≥ 0. Even though this small difference, we call S in the sequel simply Vietoris' number sequence. Compared with the traditional way of defining the coefficient sequence by (3), the use of the properties of the generalized central binomial coefficient allows a unique representation (2) with consecutively running index k.
Remark 1.
In The On Line Encyclopedia of Integer Sequences one can find the Minimal Exponent Integer Sequence A283208 associated with Vietoris sequence as a sequence of integers related to the divisibility of the central binomial coefficients, (http://oeis.org/A283208). For more details cf. [15] .
In [4, p. 67] , the author noticed that the sine series in Vietoris' theorem is related to the expansion of
by Jacobi polynomials P (α,β) k in the form
with values
. The generating function F (t) of S obtained in [15] by the hypercomplex approach allows now to establish a different expansion of a rational function of type (4) with c k , k = 0, . . . , as coefficients.
Therefore we recall the following theorem about a generating function of S which was proved in [15, p. 1069 ] by a direct elementary procedure.
Theorem 2. Vietoris' number sequence S = (c k ) k≥0 is generated by the function
From (6) it follows that
Observe that a simple derivation of (7), i.e. the determination of (tF (t)) results in the expansion of a rational function of the same type as in (4), namely
but now with exponents
and without relying on Jacobi polynomials. Comparing both rational functions in (5) and (8) 
Analogously, the differences of both types of exponents are
respectively. This is the point, where the hypercomplex approach to generalized Appell polynomials in R n+1 plays a decisive role and offers an idea for a generalization of Vietoris' sequence from S = S(2) in R 2+1 to S(n) in R n+1 (see [15] ).
Taking into account that the coefficients c k in (2), as explained before, are associated with the dimension n = 2, it seems plausible to look for a generalization c k (n) of c k = c k (2) by considering now the system
as defining the exponents of a corresponding rational function for values of n ≥ 2. In (11) the first equation corresponds with the general value n on the right hand side to the first equation in (9) whereas the second equation But how to understand the role of the multiplier (k +1) in the right hand side of (8)? In the following second part of this section we will see that it is nothing else than the quotient of two well justified Pochhammer symbols.
After these general remarks let us now pass to the expansion of the rational function
with the general values γ = n+1 2 resp. δ = n−1
as in (8) .
We expand each factor in the right-hand side of (12) and obtain
Using the Cauchy product we get
where
Observe that by a little rearrangement the function g(t) can also be written as
Comparing (13) and (14) the coefficient d k (n) can be determined by an inductive process as
Applying the formulas
the sum (15) can be calculated and lead to the explicit expression
Therefore the expansion of the function (14) we were looking for is given in the form 1
Observe that for n = 2 the expression (16) reduces to the product (k + 1)c k appearing in (8) . In fact, taking into account (2), we can write
Of course, the factorization of (16) by separating the factor (n) k k! which is nothing else than (k + 1) for n = 2 was the decisive step for recognizing (17) as the adequate generalization of (8) in the case n > 2.
The choice of the function g(t) led to the following definition:
The generalized Vietoris' number sequence is defined by S(n) := (c k (n)) k≥0 with
Remark 2. It is easy to recognize that the representation of c k (n) in (18) coincides with the one first obtained and frequently used in hypercomplex context (see e.g. [21] )
Generating functions and series involving S(n)
This section is devoted to the study of generating functions for generalized Vietoris' number sequences S(n), n ≥ 1, and some series build by them. We start by observing that the representation (18) of their elements in terms of quotients of numbers represented by the Pochhammer symbol suggests the use of the well known Gauss' hypergeometric function, which is defined by
where a, b ∈ C, c ∈ C \ Z − 0 . We are now ready to formulate the main result of this section.
Theorem 3. Let G(.; n) be the following real-valued function depending on a parameter n ∈ N:
Then, for any fixed n ∈ N, G(.; n) is a one-parameter generating function of the sequence S(n).
Proof. For each fixed n ∈ N, consider the sequence S(n) whose terms are defined by (18) . The one-parameter generating function for this sequence can be written as the following formal power series in the real variable t (20), we obtain from (22) ,
Since 2 F 1 ( (21) is continuous for |t| < 1.
It is clear that we can obtain a closed formula for the generating function (21) of the sequence S(n) as long as a closed formula for the corresponding hypergeometric series is known. As examples we list some cases where such closed formulae are well known
and, consequently, closed formulae for G(.; n) can be easily obtained.
In this case, c k (1) = 1 (k ≥ 0) and the corresponding generating function is given by
Recalling (2), we have c 2k (2) = c 2k−1 (2) = (
The use of (23) allows to restore (6), since
The generalized Vietoris' numbers are c 2k (3) = c 2k−1 (3) = 1 2k+1 and taking into account (24) , the corresponding generating function is given by
n = 4
In this case, c 2k (4) = c 2k−1 (4) = (
The use of (25) leads to
.
Using the one-parameter generating function G(.; n), we can now study the convergence of some non-trivial series that involve generalized Vietoris' number sequences.
For z ∈ C outside the circle of convergence, the hypergeometric function 2 F 1 is defined by analytic continuation. On the unit disc |z| = 1, the series (20) converges absolutely for Re(c − a − b) > 0 and
it converges conditionally for −1 < Re(c − a − b) ≤ 0, with z = 1, and if
As a consequence of these properties G(t; n) can also be defined for t = ±1, provided that n > 3.
In fact, for t = 1, G(1; n) corresponds to the series whose general term is c k (n). Using (26) , its sum is equal to
Observe that the case n = 1 leads clearly to a divergent series. For n = 2, the well known lower bound of the central binomial coefficients
ensures that the corresponding series is divergent. The case n = 3 leads to the series of reciprocal odd numbers, which is clearly divergent.
On the other hand G(−1; n) can also be defined for n = 2 and n = 3, since (19) is a pairwise coefficient's sequence, decreasing to zero. Therefore, we obtain
The case n = 1 leads to +∞ k=0 (−1) k which is a divergent series.
A recurrence relation for the Vietoris' sequence S(2)
First of all we would like to call attention to some formal similarity between Catalan numbers C k and Vietoris' numbers c 2k = c 2k (2), i.e. between
Both are defined as weighted central binomial coefficients of the 2k−th line in the Pascal triangle. In the case of Catalan numbers the weight is equal to the number of binomial coefficients in the k − th line of the Pascal triangle, whereas in the case of Vietoris' numbers the weight is equal to the sum of binomial coefficients in the k−th line. The interpretation of Catalan numbers by counting combinatorial constellations is overwhelming (see e.g. "Catalania" in [32] ), but to the best of our knowledge some purely combinatorial interpretation of Vietoris' numbers is still missing. Going further and considering also a Vietoris' number with odd index equal to its preceding number with even index, it seems to be even more difficult to find for such a pairwise constructed sequence a purely combinatorial interpretation.
It is worth to point out the well known recurrence relation for Catalan numbers
as well as its generating function
which is the solution of the quadratic equation
for which lim t→0 f (t) = f (0) = C 0 = 1. The corresponding quadratic equation for the generating function (6) of Vietoris' numbers, i.e.
for which lim t→0 F (t) = F (0) = c 0 = 1 can easily be obtained as
The small but essential difference between (29) and (30) is clearly visible in the left hand side of both equations which in case of (30) reflects the pairwise appearance of each c k in S.
The recurrence relation for the Vietoris' numbers c k we are looking for can now be obtained by using again the generating function F (t).
With G(t) := tF (t) and applying (30), we arrive to formula
Since
the left hand side of (31) can be written as
where c −1 := 0, while the right hand side is
Comparing (32) and (33) we conclude that
or equivalently
where c 0 = 1 and c −1 := 0. With (35) we arrive to the recurrence relation for the elements c k of S = S(2) in a form which serves well for comparing it with the simpler recurrence relation of the Catalan numbers given by (27) - (28) .
The principal structure of both recurrence relations, namely involving convolutions, is evident. It seems also evident that the two convolutions in (35) are a result of the pairwise appearance of each c k in S.
This situation becomes even more clear, if we transform (34) into a recurrence with respect to forward difference terms. Thereby formula (34) can be given the form of a theorem that we have just proved. 
Concluding remarks
We have briefly mentioned how Vietoris's numbers, i.e. the sequence S = S(2) of rational numbers, crop up in a problem of positivity in harmonic analysis (Theorem 1). A dozen years ago we noticed for the first time its role in the context of hypercomplex function theory, particularly in the construction of sequences of multivariate generalized Appell polynomials. But the observation that they were at the same time also subject of research on special holomorphic functions deepened our interest in its properties as object of combinatorics. The opportunity of presenting the one-parametric generalization S(n), n ≥ 1, (Definition 1) of Vietoris' number sequence on the occasion of a conference in honor of our colleague Domingos Cardoso forced us to look also for a purely real analytic approach to S(n) as shown in this paper (Sections 2 and 3) .
For the interested reader it may be worth noticing that in the framework of hypercomplex function theory those generalized Appell polynomials have meanwhile received a lot of attention from several authors due to their important role in theory ( [6, 7, 26, 30] ) and applications of polynomials ( [9, 10, 11] ), in elasticity [5] , special functions ( [20, 29] ), or 3D-quasiconformal mapping problems ( [17, 19, 22] ).
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